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ABSTRACT 
The paper presents a method of calculating deformation coefficients for any point situated 
in the overlying rock mass or on the ground surface. This solution was based on the me-
thod presented by Sroka and Schober (1982, 1987), taking into account new theoretical 
achievements and the current results of in situ measurements. 
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1 Introduction 
The observable global increase in the demand for energy results in the growing production of oil 
and gas, and in addition, frequent stepwise changes of liquid and gaseous fuel prices on the global 
markets. As a consequence we witness the intensification of filling and emptying the reservoirs 
(caverns) for the above mentioned fuels storage. As a result of such actions the state of stress, de-
formation and movement of the rock mass is changed in the vicinity of salt caverns, reaching the 
ground surface.  
The deformations generated on the surface can lead to  damage in building structures situated 
within the reach of caverns’ set. 
2 Theoretical grounds 
In 2013 the maximum values of ground subsidence in the EPE cavern field exceeded 700mm. To 
assess comprehensively the threat to building structures situated on the ground surface it is necessa-
ry to create a comprehensive possibility to calculate any deformation factors, at the use of caverns 
changed as compared to 1990s. As a result of carried out studies and simulation computations and 
also of performed identification of parameters a new software named SubCav© has been develo-
ped, which mathematical basis are to be presented here. 
In 1982 Sroka and Schober presented a solution based on so-called geometrical-integral methods 
linking the cause with the effect (Fig. 1). They adopted an appropriately parametrised Gauss func-
tion as the transforming function or the function of influences. This function entirely corresponds to 
solutions given by Knothe (1953) and Litwiniszyn (1953) based on so-called stochastic environ-
ment. The solution provided by Knothe is referred to in the literature as the Knothe theory and for 
approx. 60 years it has been successfully used in the hard coal mining, salt mining and ore mining 
in many countries worldwide. 
 
Fig. 1:  Basic causality in the process of rock mass deformation 
Based on the solutions published among other in papers: Sroka and Schober (1982); Schober and 
Sroka (1983); Haupt, Sroka and Schober (1983) as well as Schober, Sroka and Hartmann (1987), 
computational software was developed by order of  Salzgewinnungsgesellschaft Westfalen (SGW), 
enabling forecasting computation of subsidence for points situated on the ground surface above the 
cavern field (Sroka 1989, Hengst 2014). This software, named PROSA (Programmsystem für den 
Salzbergbau), has been used continuously since 1989. Based on the annual results of in situ subsi-
dence measurements the SGW has been carrying out identification of computational model parame-
ters and thereby its calibration. A comparison between measured subsidence carried out by SGW  
and the calculated subsidence based on PROSA software are presented in Fig. 2 (Hengst 2014) as 
an example for the year 2006. 
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 ᴑ - single cavern 
Fig. 2:  Comparison of subsidence measurement results (solid line) with theoretical calculations 
(dotted line) above the EPE cavern field (situation as of June 2006). 
Fig. 2 shows that the mathematical model developed by Sroka and Schober is capable of describing 
reliably  and precisely the process of ground surface subsidence above a cavern field in the salt rock 
mass.  
2.1 Subsidence model 
For slender caverns, assuming equal convergence of side walls, Sroka and Schober (1982) obtained 
the following formula (1) for the distribution of subsidence on the ground surface for a single 
cavern (Fig. 3). 
 
Fig. 3:  A subsidence trough above a salt cavern. 
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 𝑆(𝑟, 𝑡) = 𝑠𝑚𝑚𝑚(𝑡) ∙ 𝑅𝑜 ∙ 𝑅𝑢𝑟 ∙ ℎ ∙ 𝑡𝑡𝑡𝑡 ∙ �𝐹 � 𝑟𝑅𝑢� − 𝐹 � 𝑟𝑅𝑜�� 1 
where: 
 𝐹 �
𝑟
𝑅
� = � 𝑒𝑒𝑒(−𝜋𝜆2)𝑑𝜆∞
𝑟/𝑅  2 
S(r, t) –  subsidence of surface point at moment t, situated on the ground surface at a 
distance of r from the cavern axis, 
smax(t) –  maximum subsidence at moment t, 
Ho –   depth of cavern roof occurrence, 
Hu –   depth of cavern floor occurrence, 
Ro –  parameter of the horizontal influence scale, so-called radius of main in-
fluences, calculated from the cavern roof, 
Ru –   radius of main influences, calculated from the cavern floor, 
h –   cavern’s height,  
β –   so-called angle of main influences (Knothe 1953). 
Using certain simplifying assumptions formula (1) may be replaced with formula (3) with a very 
good approximation. 
 𝑆(𝑟, 𝑡) = 𝑆𝑚𝑚𝑚(𝑡) ∙ 𝑒𝑒𝑒 �−𝜋 𝑟2𝑅2� 3 
where: 
 𝑅 = �𝑅𝑜 ∙ 𝑅𝑢. 4 
From formula (3) it results that between the maximum subsidence and the volume of the subsidence 
trough there is relationship (5): 
 𝑀(𝑡) = 𝑆𝑚𝑚𝑚(𝑡) ∙ 𝑅2 5 
where: 
M(t) –   volume of the subsidence trough. 
In the case of a cavern field the subsidence of any point on the surface is calculated after the as-
sumption of a linear superposition, i.e. summing up the subsidence from individual caverns. 
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Volume of the subsidence trough M(t) depends on the volumetric convergence K(t), on the delaying 
action of the overlying rock mass and on possible volume losses related to the deformation of the 
overlying rock mass. The convergence over time can be analytically described by means of a loga-
rithmic or exponential function (e.g. Sroka 1984 and Schober, Sroka 1987).  
Assuming a stepwise model of leaching Schober and Sroka (1987) obtained the volume of the sub-
sidence trough on the surface describable by formula (6): 
 𝑀(𝑡) = 𝑡 ∙ 𝑉 ∙ �1 + 𝑓
𝜉 − 𝑓
∙ 𝑒𝑒𝑒(−𝜉 ∙ 𝑡) − 𝜉
𝜉 − 𝑓
∙ 𝑒𝑒𝑒(−𝑓 ∙ 𝑡)� 6 
where: 
a -  coefficient of volume losses (a=1.0 - passage through the rock mass without a volu-
me loss), 
V –  initial volume of the cavern, 
ξ –  relative rate of volumetric convergence (e.g. ξ=0.02 year-1 means that the volumetric 
convergence proceeds at a rate of 2% of the current volume per year), 
f –  relative rate of trough passage through the rock mass [year-1]. 
The performed analyses of in situ subsidence results show that coefficient a has a value practically 
equal one, i.e. there are no volumetric losses in the rock mass (Hartmann 1984, Sroka et al. 1987). 
Formula (6) may be presented in a simpler form, namely in form (7): 
 𝑀(𝑡) = 𝑡 ∙ 𝐾(𝑡 − ∆𝑡) 7 
where: 
K(t-Δt) –  volumetric convergence of cavern over time t-Δt, 
Δt = 1
𝑓
 –  delay time caused by the delaying action of the overlying rock mass. 
Value smax(t) depends also on the cavern shape (e.g. a cylinder, sphere, cone) and on the geometrical 
convergence model (e.g. Hartmann 1984 and Haupt et al. 1983). Results of carried out comparative 
calculations lead to a statement, that the value of maximum subsidence may be determined with a 
very good approximation from formula (8): 
 𝑆𝑚𝑚𝑚(𝑡) = 𝑚∙𝐾(𝑡−∆𝑡)𝑅2 . 8 
Table 1 presents formulas to calculate values of maximum ground surface subsidence for caverns  
varying in geometry (Hartmann 1984).  
Combining the shapes presented in Table 1 and summing up the maximum subsidence for individu-
al elements it is possible to obtain a solution enabling to calculate the total subsidence for caverns 
of complex geometry. 
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Table 1: Specification of formulas for smax calculation depending on the geometrical shape of the 
cavern 
Geometrical shape of the 
cavern (scheme) 
Shape of 
the 
cavern 
Formula  
 
cylinder 𝑆𝑚𝑚𝑚(𝑡) = 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝑧𝑜 ∙ 𝑧𝑢 ∙ 𝑡𝑡𝑡2𝑡 
 
sphere 
𝑆𝑚𝑚𝑚(𝑡) = 2 ∙ 𝜋 ∙ 𝑡 ∙ 𝑡𝑡𝑡2𝑡 ∙ 𝑧𝑚
∙
𝐾(𝑡 − ∆𝑡)
𝑉
�𝑙𝑡 �
𝑧𝑚 + 𝑟
𝑧𝑚 − 𝑟
� −
2 ∙ 𝑟
𝑧𝑚
� 
 
𝑟 = �3 ∙ 𝑉4 ∙ 𝜋3  
 
ellipse 
𝑆𝑚𝑚𝑚(𝑡) = 2 ∙ 𝜋 ∙ 𝑡 ∙ 𝑧𝑚 ∙ 𝑡𝑡𝑡2𝑡 ∙ 𝐵2𝐴2
∙ �𝑙𝑡
𝑧𝑚 + 𝐴
𝑧𝑚 − 𝐴
−
2𝐴
𝑧𝑚
�
= 32 ∙ 𝑡𝑡𝑡2𝑡 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝐴3 ∙ 𝑧𝑚
∙ �𝑙𝑡
𝑧𝑚 + 𝐴
𝑧𝑚 − 𝐴
−
2𝐴
𝑧𝑚
� 
 
cone 
𝑆𝑚𝑚𝑚(𝑡) = 3 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)ℎ2 ∙ 𝑡𝑡𝑡2𝑡
∙ �1 + 𝑧𝑢
𝑧𝑜
− 2 ∙ 𝑧𝑢
ℎ
∙ 𝑙𝑡
𝑧𝑢
𝑧𝑜
� 
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cone 
𝑆𝑚𝑚𝑚(𝑡) = 3 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)ℎ2 ∙ 𝑡𝑡𝑡2𝑡
∙ �1 + 𝑧𝑜
𝑧𝑢
− 2 ∙ 𝑧𝑜
ℎ
∙ 𝑙𝑡
𝑧𝑢
𝑧𝑜
� 
 
truncated 
cone 
𝑆𝑚𝑚𝑚(𝑡) = 𝜋 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝑉 ∙ 𝑡𝑡𝑡2𝑡 ∙ (𝑟𝑜 − 𝑟𝑢)2ℎ
∙ �1 − 2 𝑧𝑢∗
ℎ
∙ 𝑙𝑡
𝑧𝑢
𝑧𝑜
+ (𝑧𝑢∗)2
𝑧𝑜 ∙ 𝑧𝑢
� 
𝑧𝑢
∗ = 𝑧𝑜 + ℎ ∙ 𝑟𝑜𝑟𝑜 − 𝑟𝑢 
 
truncated 
cone 
𝑆𝑚𝑚𝑚(𝑡) = 𝜋 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝑉 ∙ 𝑡𝑡𝑡2𝑡 ∙ (𝑟𝑢 − 𝑟𝑜)2ℎ
∙ �1 − 2 𝑧𝑜∗
ℎ
∙ 𝑙𝑡
𝑧𝑢
𝑧𝑜
+ (𝑧𝑜∗)2
𝑧𝑜 ∙ 𝑧𝑢
� 
𝑧𝑜
∗ = 𝑧𝑢 − ℎ ∙ 𝑟𝑢𝑟𝑢 − 𝑟𝑜 
 
 
segment 
of a 
circle 
𝑆𝑚𝑚𝑚(𝑡) = 𝜋 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝑉 ∙ 𝑡𝑡𝑡2𝑡
∙ �2𝑧𝑚 ∙ 𝑙𝑡 𝑧𝑢𝑧𝑜 − ℎ(2𝑧𝑚 − ℎ)𝑧𝑜 � 
𝑟 = 𝑟𝑜2 + ℎ2
2ℎ
, 𝑧𝑚 = 𝑧𝑢 − 𝑟 
 
 
segment 
of a 
circle 
𝑆𝑚𝑚𝑚(𝑡) = 𝜋 ∙ 𝑡 ∙ 𝐾(𝑡 − ∆𝑡)𝑉 ∙ 𝑡𝑡𝑡2𝑡
∙ �2𝑧𝑚 ∙ 𝑙𝑡 𝑧𝑢𝑧𝑜 − ℎ(2𝑧𝑚 + ℎ)𝑧𝑢 � 
𝑟 = 𝑟𝑢2 + ℎ2
2ℎ
, 𝑧𝑚 = 𝑧𝑜 + 𝑟 
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2.2 Horizontal movement model 
For forecasting calculations of the horizontal movement and of the horizontal deformation an as-
sumption was made, following Awierszyn (1947), that there is a linear relationship (9) between the 
horizontal movement vector U and the tilt vector T: 
 𝑈 = −𝐵 ∙ 𝑇 9 
where: 
B –  horizontal movement factor. 
Relationship (10) between the horizontal deformation tensor ε and the vertical curvature tensor K 
results from relationship (9). 
 𝜀 = −𝐵 ∙ 𝐾 10 
Acc. to Budryk (1953) coefficient B not exceed the value of: 
𝐵 = 𝑅
√2𝜋 = 0.40 ∙ 𝑅 
where: 
R –  scale parameter of the horizontal reach of mining operations influence. 
The value of B given by Budryk applies primarily to hard coal deposits mining and is successfully 
used for forecasting calculations in many countries worldwide. 
However, the analysis of in situ measurements for the ETZEL cavern field shows that this coeffi-
cient can take much higher values (Quasnitza 1988). The determined value of coefficient B is 1.0∙R, 
that is approx. 2.5 times greater than the standard value given by Budryk. 
The authors suggest a formula based on earlier solutions related to the relationship between the 
principal values of the deformation tensor (Sroka 1973; Drzęźla 1989; Pielok, Sroka 1980-1981). 
Acc. to those papers the value of coefficient B can be calculated acc. to general formula (11): 
 
𝐵 = 𝜆 ∙ 𝑅  
𝜆 = 𝑡2𝜋 ∙ 1 − 𝜐𝜐 ∙ 𝑐𝑐𝑡𝑡 11 
where: 
ν – Poisson number of the superficial ground layer, 
n -  influence area factor in the rock mass. 
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According to Förster (1996), at small and slow deformations the value of ν should be taken from the 
range of:   0.1 ≤ 𝜈 ≤ 0.2. 
Assuming: 
n=0.5 
ν=0.1 
β=34° 
for the ETZEL field we obtain:  
B=1.06∙R 
hence a result close to reality. 
2.3 Volumetric convergence model 
A proper determination of the initial conditions in the form of single cavern volumetric convergence 
is the basic element of the computational model. 
The history of individual caverns operation shows that phases of leaching or enlargement and ope-
rational phases can change repeatedly, this applies also to the stored medium (oil or gas). Because 
of that a model of multiphase caverns operation was adopted to describe the course of convergence 
over time, introducing phases of leaching, preparation, operation and enlargement (Fig. 4). 
 
Fig. 4:  Diagrammatic course of operational phases  
It is obvious that each phase results in different convergence values, and hence in different values of 
parameter ξ. Table 2 gives examples of average values of relative convergence rate ξ versus the 
production phase for the EPE field of caverns (Hengst 2014). 
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Table 2:  Specification of average convergence rate value (Hengst 2014) 
Production phase 
Annual convergence 
rate Time in years 
Production/Leaching 0.6% 7 – 10 
Idle 0.3% 1 – 5 
Storage (gas) 0.8 – 1.6% 30 – 50 
Storage (oil) 0.2% 30 – 50 
 
Assuming an exponential model of the volumetric convergence for the i-th phase of operation the 
convergence increase in this phase (Fig. 5) may be calculated acc. to formula (12): 
 𝛥𝐾(𝑡𝑖, 𝑡𝑖+1) = 𝑉(𝑡𝑖) ∙ �1 − 𝑒𝑒𝑒�−𝜉𝑖(𝑡𝑖+1 − 𝑡𝑖)�� 12 
where: 
𝛥𝐾(𝑡𝑖, 𝑡𝑖+1) – convergence increase over time corresponding to the period from ti  to ti+1, 
ti –   convergence time corresponding to the start of the i-th phase of operation, 
ti+1 –  convergence time corresponding to the end of the i-th phase of operation, 
V(ti) –   volume of cavern at time ti  (at the beginning of the i-th phase of operation),  
ξi –  relative volumetric convergence rate assigned to the i-th phase of operation. 
So the volume of a cavern at the end of the i-th phase of operation is (13): 
 𝑉(𝑡𝑖+1) = 𝑉(𝑡𝑖) − 𝛥𝐾(𝑡𝑖, 𝑡𝑖+1). 13 
 
Fig. 5:  Diagram of convergence calculation for a single phase of operation  
For the leaching phase, assuming a linear model of leaching, the value of convergence may be cal-
culated from formula (14): 
 ∆𝐾(𝑡0, 𝑡1) = 𝑉𝑒 ∙ �1 − 1𝜉0 ∙ 𝑇 (1 − exp(−𝜉0 ∙ 𝑇))� 14 
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where: 
𝑉𝑒  –   leached volume,  
𝜉0 –  relative convergence rate in the leaching phase, 
𝑇 –  leaching time (T=t1-t0) 
According to various literature sources the ξ0  values fall within the limits:  0.5% ≤ 𝜉0 ≤ 1.5%. 
For the specified time t-Δt the convergence values for the phases of operation between t-Δt and the 
start of leaching t0 should be summed up.   
The SubCav© software (Fig. 6) enables to carry out computations for each phase of caverns opera-
tion; among other things the values of convergence and remaining free volume are calculated, then 
the subsidence, tilts, curvatures, horizontal movements, and deformations. Calculations may be per-
formed for any time moment, not only for the end period of specific phase. 
 
Fig. 6:  SubCav© software window with saved caverns 
2.4 Computations in the rock mass 
Schober and Sroka (1987) emphasised the importance of forecast inside the rock mass, in particular 
because of the safety of piping connecting the surface with caverns, providing a solution extended 
by a forecast in the rock mass. The solution provided in this paper has been scaled on materials rela-
ted to measurements performed in the rock mass (Reitze 2016; Sroka, Tajduś, Misa 2016).  
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For any rock mass horizon z, the subsidence deformation above a single cavern may be calculated 
by formula (15), in a similar way like for formula (3): 
 𝑠(𝑒,𝑦, 𝑧, 𝑟, 𝑡) = 𝑠𝑚𝑚𝑚(𝑧, 𝑡) ∙ 𝑒𝑒𝑒 �−𝜋 𝑟2𝑅2(𝑧)�. 15 
So willing to carry out calculations for any level in the rock mass it is necessary to calculate the 
following parameters: the radius of the main influences at the demanded computational level z in 
the rock mass R(z) (formula 16); the delay over time Δt(z) (formula 17) and the coefficient used to 
calculate horizontal deformations B(z) (formula 18). In addition, the subsidence coefficient a is as-
sumed to be invariable with a change of depth (𝑡(𝑧) = 𝑡 = 𝑐𝑐𝑡𝑠𝑡𝑡𝑡𝑡).  
 𝑅(𝑧) = 𝑅 ∙ ��𝑧 − 𝑧𝑜 + 𝑐
𝐻𝑜 + 𝑐 �𝑛 ∙ �𝑧 − 𝑧𝑢 + 𝑐𝐻𝑢 + 𝑐 �𝑛 16 
 ∆𝑡(𝑧) = ∆𝑡 ∙ ��𝑧 − 𝑧𝑜 + 𝑐
𝐻𝑜 + 𝑐 �𝑛 ∙ �𝑧 − 𝑧𝑢 + 𝑐𝐻𝑢 + 𝑐 �𝑛 17 
 
𝐵(𝑧) = 𝐵 ∙ ��𝑧 − 𝑧𝑜 + 𝑐
𝐻𝑜 + 𝑐 �𝑚 ∙ �𝑧 − 𝑧𝑢 + 𝑐𝐻𝑢 + 𝑐 �𝑚 
dla 𝑧 ≥ 𝑧0 
18 
where: 
z –  computational level [mNN], 
zo –  cavern roof level [mNN],  
zu –  cavern floor level [mNN], 
c –  coefficient (characteristic of cavern roof) [m], 
m –  coefficient used to calculate the horizontal movement within the rock mass (in the 
case of missing data, the recommended value is: m=n+1), 
B –  horizontal movement factor for the ground surface horizon, 
n -  influence area factor in the rock mass (recommended value: 0.45<n<0.70), Table 3, 
(Dżegniuk et al. 2003). 
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Tab. 3:  Value of coefficient ‘n’ depending on various hypotheses (Dżegniuk et al. 2003) 
Author Year Value 
Budryk 1953 βπ tan2 ⋅=n  
Mohr* 1958 n =0.65 
Krzysztoń 1965 n =1.0 
Drzęźla* 1972 n =0.525 
Sroka, Bartosik-Sroka 1974 n =0.50 
Drzęźla 1975 n =0.665 
Gromysz* 1977 n =0.61 
Drzęźla* 1979 49.047.0 ≤≤ n  
Kowalski* 1984 66.048.0 ≤≤ n  
Drzęźla* 1989 70.045.0 ≤≤ n  
Preusse* 1990 n =0.54 
(* papers provide values of coefficient n determined based on in situ measurement results) 
3 Computational example 
Calculations of coefficients for deformations caused by the convergence of salt caverns in EPE  
were carried out using the new SubCav© software. For the data provided by the SGW comprising 
altogether 114 caverns and related both to their geometry and the course of operational phases over 
time, calculations of the ground surface deformation factors were performed for an exemplary date 
of 01/07/2015. This data refers to the time period from 1972. Examples of data assigned to cavern 
S_001 and related to its geometrical characteristic and individual production phases are presented in 
Fig. 7. Calculations were carried out for the following parameter values:  
β=34° 
a=1.0 
λ=0.4 
n=0.5 
Δt=4 months. 
These values may be considered characteristic of the EPE cavern field. 
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Fig. 7:  Data characterising cavern S_001 
The calculated maximum subsidence value is 80 cm, while the measured value is 78 cm. Other ma-
ximum values of the calculated coefficients are: 
max. tilt:      Tmax= 0.52 mm/m 
max. horizontal movements:   umax= 340 mm 
max. compressing deformations:  |𝜀−|𝑚𝑚𝑚= – 0.42 mm/m 
max. tensile deformations:    |𝜀+|𝑚𝑚𝑚 = 0.30 mm/m. 
In the SubCav© software the user can calculate deformation coefficients for a single point, a set of 
points, a single profile or a group of profiles, and for the selected raster. Computation results are 
saved in a tabular form, they may be exported to external software; in addition there is a possibility 
to visualise results directly from the software in the form of isoline maps or to present the results in 
the form of graphs for selected profiles. The paper presents only selected capabilities of the soft-
ware. Fig. 8 presents results of subsidence calculations, in addition the red line marks the profile, 
for which the values of subsidence (Fig. 9a), tilt (Fig. 9b), horizontal movement (Fig. 10a), and ho-
rizontal deformation (Fig. 10b) were calculated as of 01/07/2015. 
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Fig. 8:  Map of calculated values for the ground subsidence above the EPE cavern field - as of 
01/07/2015 (ᴑ - a single cavern) 
 
a) 
 
b) 
Abb. 9:  Calculated values of subsidence (a) and tilt (b) along the calculation profile as of 
01/07/2015 
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a) 
 
b) 
Abb. 10:  Calculated values of horizontal movement (a) and deformation (b) along the calcula-
tion profile as of 01/07/2015 
4 Summary 
This paper presents new SubCav© software for the computation of coefficients for surface and rock 
mass deformation caused by the convergence of salt caverns for storaging liquid or gaseous energy 
carriers. This software was based on analytical solutions provided by Sroka and Schober (1982, 
1987), and Sroka et al. (2016). 
Despite necessary geometrical and physical idealisations related to the cavern geometry, course of 
convergence and phases of operation, comparative computations performed for the EPE cavern 
field with its 114 caverns, have fully confirmed the value and the integrity of the presented solution. 
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